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Definition
A filter F is a p-filter if for each D ∈ [F ]ω there exists p ∈ F
such that p ⊆∗ d for each d ∈ D. The set p is called
pseudointersection of D. An ideal I, for which the dual filter I∗
is an p-filter, is p-ideal.

Definition
Let I be an ideal on P(A). I is an tall ideal if for each
b ∈ [P(A)]ω there exist some a ∈ I ∩ [b]ω.
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Lemma (M. Talagrand)
For a filter F in P(ω) the following are equivalent:

1. F is non-meager subset of P(ω).
2. F is unbounded (i.e. enumerating functions of sets in F

are unbounded subset of (ωω,<∗).)
3. For each decomposition of ω =

⋃
In into intervals there is a

set F ∈ F such that F ∩ In = ∅ for infinitely many intervals.

Lemma (A. Miller ?)
For a filter F in P(ω) the following are equivalent:

1. F is rapid.
2. Enumerating functions of sets in F are dominating family.
3. There exist an increasing function f ∈ ωω such that for

every sequence {ti : ti ∈ [ω]<ω, i ∈ ω} there exists some
F ∈ F such that |F ∩ ti | < f (i) for each i ∈ ω.
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Definition (Gregorieff’s forcing)
Let F be a filter on ω. Put

G(F) = ({g : I → 2; I ∈ F∗},⊃) .

The forcing notion G(F) is called Gregorieff’s forcing.

Definition (Guided Gregorieff’s forcing)
Let T = {Tα : Tα ∈ [ω]ω, α ∈ ω1} be a strictly increasing tower,
i.e. Tα ⊂∗ Tβ and |Tβ \ Tα| = ω for α < β ∈ ω1.
Denote A = {Aα = Tα+1 \ Tα, α ∈ ω1}. For F = {fα : Aα → 2}
the forcing notion P(T ,F ) consists of pairs (g, β) where β ∈ ω1
and g is a function with domain D(g) =∗ Tβ to 2. Moreover
(g, β) ∈ P(T ,F ) iff g � Aα =∗ fα for each α < β.
The ordering is reversed inclusion, (g, β) ≤ (h, γ) iff h ⊆ g.
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Lemma

1. Let F be a non-meager p-filter on ω. Then the Gregorieff’s
forcing G(F) is proper and ωω bounding.

2. Let T be a strictly increasing tower of size ω1 which
generates a non-meager ideal. Then P(T ,F ) is a proper
ωω bounding forcing notion for each choice of F .

Lemma

1. Let F be a rapid p-filter on ω. Then the Gregorieff’s forcing
G(F) has Sacks property.

2. Let T be a strictly increasing tower of size ω1 such that the
filter F dual to the ideal generateted by T is rapid. Then
the forcing P(T ,F ) has Sacks property for each choice of
F .
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Definition (p-filter game)
Let F be a filter in P(ω) containing no finite sets. The following
game is called p-filter game GF . In n-th move player I plays a
filter set Fn ∈ F and player II responds with its finite subset
sn ∈ [Fn]<ω. After ω many moves player II wins if⋃
{sn : n ∈ ω} ∈ F and player I wins otherwise.

Lemma (Laflamme)
F is a non-meager p-filter in P(ω) if and only if player I has no
winning strategy in game GF .

Lemma
Let F be a rapid p-filter. There exists an increasing function
f ∈ ωω such that for each strategy of player I for the p-filter
game GF there exists some sequence {si : |si | < f (i), i ∈ ω} of
moves of player II which beats this strategy.
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Definition (strong-Q-sequence, J. Steprans)
Let A be a subset of a Boolean algebra A. A is a
strong-Q-sequence in A if the following holds true: For every
F : A → A such that F (a) ≤ a there exists c ∈ A such that
c ∧ a = F (a) for each a ∈ A.

Fact
Every strong-Q-sequence in A is an antichain and if A is
κ-complete than the converse is also true for antichains of size
less than κ.



A⊥ = {x ∈ A : x ∧ a = 0 for each a ∈ A}.

Lemma (J. Steprans)
Let A and B be Boolean algebras. Suppose that A ⊂ A and
B ⊂ B are strong-Q-sequences. Suppose furthermore that
there is a bijection Ψ : A → B such that A � a is isomorphic to
B � Ψ(a) for each a ∈ A. Then A/A⊥ is isomorphic to B/B⊥.

Proof.
For each a ∈ A fix an isomorphism ψa : A � a→ B � Ψ(a). For
x ∈ B and a ∈ A put Gx (a) = ψ−1

a (x ∧Ψ(a)). Define
isomorphism θ : B/B⊥ → A/A⊥ by the rule θ(x) ∧ [a] = [Gx (a)]
for each a ∈ A.



Definition (strong-Q-sequence of size ω1 in P(ω)/fin)
A = {Aα : Aα ∈ [ω]ω, α ∈ ω1} is a strong-Q-sequence (of size
ω1) iff for each F = {fα : Aα → 2} there exists fF : ω → 2 such
that fF � Aα =∗ fα.

Definition (Q-set of size ω1 in P(ω))
A = {Aα : Aα ∈ [ω]ω, α ∈ ω1} is a Q-set (of size ω1) iff for each
F = {fα : Aα → 2, fα constant} there exists fF : ω → 2 such that
fF � Aα =∗ fα.

Corollary
If a strong-Q-sequence of size ω1 in P(ω)/fin exists, then
2ω = 2ω1 .
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Example
Pick Bα, α ∈ ω1 distinct maximal branches throught <ω2. These
Bα’s (as sets of nodes) form an AD system which is not a
strong-Q-sequence. (Put fα(s) = i iff s� {i} ∈ Bα.)
Note that MAω1(σ−centered) implies that {Bα, α ∈ ω1} is a
Q-set.

Theorem (J. Steprans)
MAω1(σ−linked) implies that there is no strong-Q-sequence of
size ω1 in P(ω)/fin.

Theorem (J. Steprans)
It is consistent that there exist a strong-Q-sequence of size ω1
in P(ω)/fin.
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Katowice problem

Question (Katowice problem)
Is it consistent with ZFC that P(ω)/fin ' P(ω1)/fin?

Theorem (B. Balcar)
If P(ω)/fin ' P(ω1)/fin then d = ω1 (and 2ω = 2ω1).

Proof.
Fix a homeomorphism h : P(ω1)/fin→ P(ω)/fin.
ω1 =

⋃
{Bn,n ∈ ω}, where |Bn| = ω1,Bn ∩ Bm = ∅ for n 6= m ∈ ω

Fix {An,n ∈ ω} such that ω =
⋃
{An,n ∈ ω}, [An] = h([Bn]) and

An ∩ Am = ∅ for n 6= m ∈ ω.
Let b : ω → ω × ω be a bijection, b′′(An) = {n} × ω.
For α < ω1 fix Dα such that [Dα] = h([ω1 \ α]).
Put fα(n) = min{i ∈ ω : (n, i) ∈ b′′(Dα)}.
{fα : α ∈ ω1} is a ω1-scale.
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What are properties of the ideal [ω]ω in P(ω1)/fin?

It is a tall ideal.

It is generated by an increasing ω1 sequence

{tα = [α · ω] : α ∈ ω1},

and {tα+1 − tα : α ∈ ω1} is a strong-Q-sequence.

It has has nonempty intersection with all p-ultrafilters.
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Fact
Every p-ultrafilter F on ω1 contains a countable set.

Proof.
F in not σ-complete so fix D ∈ [F ]ω such that

⋂
D = ∅. There

exists p ∈ F such that p ⊆∗ d for each d ∈ D. This implies that
|p| = ω.
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Definition
An increasing tower T in P(ω) is a C-tower iff the following
holds.

1. T = {Tα : α ∈ ω1}
2. T generates a tall ideal.
3. {Tα+1 \ Tα : α ∈ ω1} is a strong-Q-sequence.
4. T has nonempty intersection with each nonprincipal

p-ultrafilter.

Fact
If P(ω)/fin ' P(ω1)/fin then there is a C-tower.

Theorem
It is consistent that there exist a C-tower and d = ω1.



Start in a model of ZFC + 2ω = ω1, 2ω1 = ω2. Pick
T = {Tα : Tα ∈ [ω]ω, α ∈ ω1} a strictly increasing tower;
Tα ⊂∗ Tβ and |Tβ \ Tα| = ω for α < β ∈ ω1. Suppose moreover
that T generates a non-meager ideal and denote F the dual
non-meager p-filter, A = {Aα = Tα+1 \ Tα, α ∈ ω1}.
The desired model will be obtained by countable support
iteration of length ω2 of proper ωω bounding forcing notions.
Start with G(F × ∅) and in step β ∈ ω2 force with P(T ,Fβ) for
suitably chosen Fβ = {fα : Aα → 2, α ∈ ω1}.



Note that in the resulting model

P(ω1)/{tα+1 − tα : α ∈ ω1}⊥ ' P(ω)/A⊥.

where {tα = [α · ω] for α ∈ ω1}



Theorem (H. Judah, S. Shelah)
It is consistent that there exists a Q-set of size ω1 and a set of
reals of size ω1 which has not measure zero.

To prove this result we need a forcing which introduces a Q-set
and has Sacks property. This can be easily done by iterating
Guided Gregorieff forcing notions P(T ,Fβ) where T generates
a rapid ideal (we can even get a strong-Q-sequence).
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